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Several recent papers by Holladay, de Boor, Schoenberg, and the present 
authors [l-6] have given the best-approximation properties of splines of odd 
degree. Spline functions, however, possess important orthogonality properties 
which are closely related to these best-approximation characteristics and 
form an essential part of their structure. It is the purpose of this note to 
present these properties. 
This orthogonal&y, together with the best approximation results, extends 
as well to complex-valued splines (on the real interval [0, I]), and it is in 
this form that it is exhibited here. In addition, applications to the approxima- 
tion of analytic functions are indicated. 
THE SPLINE FUNCTION 
Given an interval 0 < x < 1 and a mesh d on this interval 
O=x,<x,<...<x,=l, 
a spline of degree 2n + 1 on this mesh (N > 1) coincides on each interval 
q-i < x < xj with a polynomial in x of degree 2n $- 1 and belongs to class 
Ca”[O, 11. The spline is said to be periodic on this mesh if, moreover, it is of 
class C2”(- co, + 00) and has period 1. Splines considered here are real or 
complex-valued. 
A fundamental integral property is associated with these functions. Let 
G(X) E C”+l[O, I] and w(x) be a spline on the mesh d with G(xj) - w(xi) = C, 
j = 0, 1, . * ., N. Then 
s ’ 1 G’“+l’(x) I2 dx = f 1 G’“+l’(x) - w(“+l)(x) I2 dx + f 1 dn+l)(x) 12 dx 0 0 0 
+ 2R “% (- 1)” [G(‘+lc)(x) - w+IC)(x)] c(n+“+l’(x) )l, (1) 
k=O 0 
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where the bar denotes the complex conjugate and R denotes the real part. 
This identity is obtained by applying repeated integration by parts to 
1 [(Gh+l) -w fn+l)) w(n+l) + (@z+l, _ $“+U) &+l)] & 
For C = 0, the spline w is a spline of interplation to G on the mesh A. If  w 
is periodic and G E Cn+l (- 00, co) (referred to hereafter as Cn+l) and has 
period 1, the last term on the right of (1) vanishes. The existence, uniqueness, 
and extremal properties of periodic splines of interpolation now follow 
directly. 
Let -f(x) E Cn+l(- 00, 00) and have period 1. Define the pseudo norm 
IIf II2 = ,: Iftn+l) I2 dx. (2) 
Let y(x) be a periodic spline of degree 2n + 1 of interpolation tof(x) on A. 
Let z(x) be any other spline of degree 2n + 1 on A. Let G = f - z, 
w = y  - z in (1) and obtain 
Ilf - z II2 = llf -Y II2 + II Y - z 112* (3) 
Thus Ilf - z 11 1 IIf - y  11, with equality holding if and only if y  - z is 
constant. This is the best approximation property: the periodic spline of 
interpolation of degree 2n + 1 is the spline of best approximation in the 
sense of the pseudo norm (2). 
Under the same conditions on y(x), let z(x) be any P+r function of period 1 
interpolating tof(x) on A. Set G = z, w = y  in (1) and obtain 
II z II2 = II Y II2 + II z -Y l12. (4) 
Thus 1) z II > // y  II, with equality holding if and only if z = y. In particular, 
Ilf II > IIY Il. Th is is the extension of the minimum strain energy property: 
of all the P+r functions of period 1 interpolating to f  on the points of d, the 
spline of degree 2n + 1 of interpolation has minimum pseudo norm. 
From either of these two results, the uniqueness of the spline of interpola- 
tion, the latter being a spline of best approximation or of minimum norm, 
is evident. The existence of the periodic spline of interpolation is an imme- 
diate consequence. The fact that the only periodic spline of interpolation 
to the null function is the null function (itself a spline) implies that the linear 
mapping which associates with the N-vector of functional values on the mesh A 
the N-vector of values of the (2n)th derivative of the spline at these 
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points has a null manifold of dimension 0 and hence is nonsingular (cf. 
Theorem 2 of [6]). 
A nonperiodic spline w of degree 2n + 1 of interpolation to G on the mesh 
A is uniquely defined when, in addition, n properly chosen “end conditions” 
are prescribed at each end of the interval [0, I]. We shall be concerned prin- 
cipally with two types of splines, although it will become apparent that 
mixed types are also admissible: 
Type I: 
Wfk)(Xj) = V2k.j , j = 0 and N, k = 1, 2, ..., n; 
Type II: 
wck)(xj) = mk,j , j = 0 and N, k = n + 1, . . . ..2n (N b 4. 
Here the quantities mk,f are prescribed. If  the quantities m,,j are zero, these 
splines are called Type I’ and Type II’ splines, respectively. For cubic 
splines, Type I splines with rnrsi = G’(xJ have a fixed end support; Type II’ 
splines have simple end supports. 
For a nonperiodic spline of interpolation y(x) of degree 2n + 1 on A to a 
Cnfl[O, I] function f(x) with z(x) any other spline of degree 2n + 1, set 
G =f - z and w = y  - z. The last term in (1) vanishes if y  and z are of 
Type II with a fixed set of quantities m,,j , or if y  is of Type I with 
m K,j =f(“)(zj). Equation (3) follows in both situations, and the spline y, as a 
spline of interpolation, is unique and is a spline of best approximation in the 
sense of the pseudo norm (2). 
Next let Z(X) be any P+l[O, l] function interpolating tof(x) at the points 
of A, y(x) a (2n + 1)-degree spline of interpolation. Set G = z, w = y  in (1). 
The last term in (1) vanishes if x and y  are of Type I with a prescribed set of 
quantities n~,,~ , or if y  is of Type II’. Equation (4) follows in both situations, 
and the spline y  is the C2” function of interpolation of minimum norm. In 
particular i/f jl > 11 y  11. The uniqueness and existence are direct consequences 
for each of the three essentially distinct types of splines considered. 
It should be noted that the last term in (1) vanishes for both periodic and 
nonperiodic splines of interpolation of the types considered even if G(“+l)(x) 
has jump discontinuities at the mesh points. This fact has a number of impor- 
tant consequences. It permits a more incisive study of the problem of best 
approximation of nonperiodic functions by periodic splines. It also yields 
new results in the approximation of special functions by splines. Note in this 
connection that the integral identity persists under the less exacting require- 
ments that G E Cn, Gfn) is absolutely continuous on each interval of A, and 
Gcn+l) EP(O, 1). 
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IMBEDDED MESHES AND ORTHOGONALITY 
Let (A,} be a sequence of imbedded meshes on [0, 11, A, C A,,, Let 
yk: be the spline of degree 2n + 1 of interpolation to f on A, , f  E F-i l[O, 11. 
If f and yk , K = 1,2, ... are not periodic, let the ylc be of Type I with 
m k,j =f(“)(~~) or Type II’. Then (3) gives 
llf - Yk II2 = Ilf - Yk+l II2 + II YWl - Yk II2 
= llf -Y!d+%l II2 i- ,+zir, IIYj+1 -YYj II2 
j=k 
=ts Ilf-YD II2 + 2 /lYi+I -Yi II2 
j-k 
since I/f - yP ]I is monotone decreasing. Similarly, from (4), 
11 Yk II2 = 11 Yk+l /I2 - 11 Yk+l - Yk iI2 
= Fz IIY3, II2 - 3 IlYi+l -Yi II29 
j=k 
since I]f ]I > /I y9 /I and [I yD II is monotone increasing. 
These results suggest some kind of orthogonality between members of the 
sequence {Y~+~ - yk}, which is made more explicit in the following theorem 
and corollary. 
THEOREM 1. Let A and 0” be two meshes on [0, l] with A CJ. Let u and 
ii be splines of degree 2n + 1 on A and o”, respectively, with u” = 0 on A. Let u 
and ii be periodic, or u and ii nonperiodic with either u” of Type I’ or u of Type IT’. 
Then the pseudo-inner product 
(c,u) = f:Js+l,,-(~+l&, (5) 
is equal to zero. 
The proof is essentially taken from the derivation of (1). Repeated integra- 
tion by parts gives 
(c, u) = “%(- 1)” [,“(n-k+) @+k+l)@)]; + (- 1)” Fj $@n+l)& 
k=O 
(6) 
The second term on the right is used to indicate the sum of integrals over the 
intervals of A. On each of these intervals, u t2n+l) is constant, and at its extre- 
mities, u” = 0. The first term on the right vanishes for periodic splines, and 
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for nonperiodic splines satisfying the conditions of the theorem. It should 
be noted parenthetically that the result persists under other conditions: 
for example, either t(“)(O) = 0 or u(~+~)(O) = 0, k = 1, ..., n; either 
~2(~)(1) = 0 or ucn+k)(l) = 0, k = 1, 0.‘) n. 
In consequence of the theorem we have also the corollary 
COROLLARY. For a sequence of imbedded meshes {A,} with corresponding 
splines yz(x) of degree 272 + 1 of interpolation to a given function f de$ned on 
P, 11, 
(Ym+1 - Ym 3 Ym’+1 - ym,) = 0 m’ # m, 
if the ym. are periodic, or if the ym are nonperiodic but are of Type I or Type II 
with a prescribed set of quantities mkBj . 
In general, we shall describe as “orthogonal” two splines ~‘2, u for which 
the pseudo-inner product (5) vanishes. 
SEQUENCES OF ORTHOGONAL SPLINES: PERIODIC SPLINES 
Certain sequences of meshes are associated in a natural way with the ortho- 
gonality introduced above and it is desirable to investigate the expansion of 
arbitrary Cn+l functions in terms of the corresponding splines. For slight 
advantages of simplicity, the expansion of periodic Cn+l functions in terms 
of periodic splines of degree 2n + 1 is considered first. 
Choose a sequence of distinct points on [0, 11: PO(x = 0), P1(zc = I), 
pz , p, I -.+ and set A, = (PO, P,>, A, = {P,, , P, , a--, P,>, m > 1. Define a 
periodic spline function V,(X) on mesh A, such that v,(x) = 1 at P,,, , 
urn(x) = 0 on A,-, , m > 1. Define wl(x) = 1. Then 
(%I ? Vm~) = 0, m’ # m. 
It is evident that uTll , v2 , a.., v, form a basis for the space of periodic splines 
ond,. Moreover, if y(x) is any such spline, then 
Y(X) = 2 ak~k(-4, 
k-l 
where 
ak@k , vk) = 01, vkh ’ k> 1, a1 =y@). 
Given a function f E Cn+l and having period 1, the measure of approximation 
1 (WI , OJ = 0 but clearly al = y(0) = y(1); ( ok, w,J # 0 for k # 1 since the only 
periodic polynomial is a constant. 
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is minimized by the condition 
%(% > %) = (f, Vk,). 
If y in the preceding paragraph is the spline of interpolation tof, the unique- 
ness property requires of course 
(f-Y,%) =o, 
a condition which may be verified directly. 
The convergence of such an expansion when m + co is of immediate 
interest. Define a mesh gauge / A, / as the maximum distance between adja- 
cent points of Am . Part of the convergence problem is encompassed by the 
following theorem. 
THEOREM 2. Let f  be of class Cn (- 00, co) and have period I, with 
f  ~1 absoZuteZy continuous on [0, l] and f cn+l) E L2(0, 1). Let Ps(x = 0), 
Pl(X = l), pz , pa, ..I be a sequence of distinct points in [0, 11, with the set 
(PO , p, 9 ..., P,} taken to be the subdivision A, (m = 1, 2, . ..). For m > 1, 
let v,(x) be the periodic spline of degree 2n + 1 on A, with v,, = 1 at P, , 
VWI == 0 on A,-, .Letv,(x)-l.Thenif/A,j-+Owhenm+co. 
(7) 
where uk = (f,vk)/(vk, vJ if k > 1, al =f(O) =f(l). 
PROOF. The spline xy ukvk(x) is the spline of interpolation to f(x) on A, . 
It has been shown that the sequence of quantities in (7) is monotone decreas- 
ing. Suppose the limit to be E > 0. We can find a periodic entire function 
g(x) such that 
1^ 1 if’“+“(x) - g(x) I2 dx < f  . 
Choose a spline u as follows: Let m be so large that 1 A, 1 < 8(c/4e2) where 6 
is the modulus of continuity of go-l)(x); set u(“~)(x) = go-l)(x) at each of 
the mesh points of A,, linear between these. Then 
Set 
1 g’-(x) - ZPyX) 1 < -& < $ . 
z@(x) = g’--(O) + j; @+1)(x) dx, 
where g(p-n-l)(0) is considered to be 0 when 0 < p < n. 
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The spline u is not, in general, periodic. Set k, = u(*)(l) - u(p)(O) and 
define 
where 







X2 =I; 2! x”-1 (n - l)! 1 X . . . 1 
1 
. . . 1 
23 
1 
U(27yX) - $27yX) -. 
@4)(X) - g2n-1yX) I . U(2n-2yX) - g2n--2yX) @+lyX) i ,-cn+l,(,) ._ 
X 
1 
-* 1 , 
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where the elements in the last matrix arc the coeflicients in the expansion of 
(es - 1)-l in powers of x. For 0 -g x .< 1, it is easy to see that the elements 
below the diagonal in the matrix product do not exceed E in magnitude so that 
J 
-l j zP+l)(,) -g(x) !2 dx < ; 
0 
and so, by the Minkowski inequality, 
s ‘, If’“+yx) - ii(n+l)(x) 12 < . 
Inasmuch as Xy u~v~(x) is the spline of best approximation on d, , 
J I “1 f’“+“(x) - I2 ukv;+l(x) 1’ dx < c2. 
A contradiction is reached and (7) follows. 
THEOREM 3. Under the conditions of Theorem 2, the sequence { ~~a,v,(p)(x)) 
converges uniformly to f(P)(x) on [0, 11, 0 <p < n, when m --+ co. 
PROOF. In an array of n + 1 consecutive mesh points of A,,, (n < m), 
the function cy akvk(x) -f(x) vanishes at least n + 1 times. Hence 
ix; CZ~TJ~(~)(X) -f(“)(x) vanishes at least n + 1 -p times, p = 1, ‘2, “‘, n. 
Require j A, j < 7. Within any array of n $- 1 consecutive points of A, 
bracketing a given x E [0, 11, pick x0 such that 
2 a,v~)(x,) - f’“‘(xo) = 0. 
1 
Then by the absolute continuity off (n+c) 
/f’“‘(x) - 2 a,zp (x) 1 = 1 jz [f’““‘(x) - 3 a,~@+) ]dx 1 
% k=l 
< f’““‘(x) - 2 a,vt+‘)(x) 1’ dx/1’2 (nT)“2. 
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The uniform convergence of Cy alczl(P)(x) to f’“‘(x) follows for p = n. A 
similar argument implies this conclusion for p = rz - 1, n - 2, ..., 0. 
Theorems 2 and 3 are analogous to a theorem stated without proof by 
Schoenberg (Theorem 4 of [4]) f  or nonperiodic splines and without considera- 
tions of orthogonality. The present proof is a direct extension of that of 
Theorem 6 of [2] incorporating the methods of Theorem 5 of [6]. 
The preceding proof yields estimates of the degree of convergence of each 
of the sequences XT u~v~@)(x), p = 0, 1, ..., 71. If  we define 
p(m) = [max j jfcn+l)(x) - ~akv~+l)(x) 1’ dx]l”, 
1 
the integration being taken over any n consecutive intervals of A, , then 
I 
f”‘(x) - 2 a,vp)(x) [ < p(m) (n + I)~‘% --a (p + 111 A, ln-‘+l’z - 
k-1 
ORTHOGONALNONPERIODICSPLINES 
Analogous sequences of orthogonal splines exist for the nonperiodic case. 
Take a sequence of imbedded meshes {Am} as before, A, consisting of the 
distinct points PO , PI , ‘.., Pm on [0, 11. First choose the splines ZIP, 
K > 212 + 2 as follows: 
vk = 1 at Pk-2n-l , z’k = 0 On ~Ik-~n-~ , vk of Type I’. (8) 
By Eq. (6), V~ and v,’ are orthogonal in the sense of the pseudo norm (5) 
for WZ’ > m > 2n + 2. 
It will be shown that these are complete in the space P+r[O, l] in the sense 
of this orthogonality if 1 A, 1 --f 0. It is desirable, in order to effect pointwise 
convergence through derivatives of order n, to augment this sequence by a 
set of 272 + 2 independent polynomials ui , u2 , “‘, uznt2 of degree < 2n + 1 
such that the augmented set forms a basis for the totality of splines on [0, I] 
of Type I. It is seen from (6) that v, , for m > 272 + 2, is orthogonal to any 
such polynomial. Define the ulc by 
*y(o) = 8jsk-l , U?)(l) = 0 j = 0, 1, -em, n, I2 = 1,2, *me, n + 1 
2$‘(O) = 0, Q( 1) = Sj.k+* j = 0, 1, *.*, n, 
k=n+2,n+3;**,2n+2. (9) 
Schoenberg’s theorem, to which reference was made following Theorem 3, 
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can be interpreted in the light of our orthogonality relations and then easily 
proved by use of Theorems 2 and 3. 
THEOREM 4. Let f(x) E C”(O, I] with f(%) absoZuteZy continuous and 
f’““’ EL~(O, 1). Let (A,) b e a sequence of subdivisions of [0, l] of the type 
employed in Theorem 1 with j A, 1 --f 0. The polynomials u1 , u2 , ‘.‘, u2n+2 
in (9), together with the orthogonal splines v2n+3 , vZn+, , .. in (8), form a 
basis for the totality of splines on [0, I]. When m + co, the sequence 
i 
f  (3yx) _ y f  (H)(0) *p@) _ “6;” f  (k--n-2)( 1) Q(,) 
k=l k=n+2 
- $ p&;)(*)/ (10) 
k=Zn+3 
converges uniformly to 0, j = 0, 1, ..., n and in the mean for j = n + 1. 
PROOF. It is to be noted that the splines v2n+3 , v2n+4 , -1. form a basis for 
the set of all splines on [0, l] of Type I’. Further, the spline appearing in (10) 
is the spline of interpolation to f(x) on Am-2n--l of degree 272 + 1, the first n 
derivatives of which coincide with those of f(x) at x = 0 and 1: indeed, if 
F(x) 2s f(x) - y  f  (k-l)(O) Uk(X) - 2z f  (*-n-y 1) Uk(X), 
k=l k=n+2 
then zL+3 i(f, vkc)/(v k, vk)> V+(X) is the spline of Type I of best approximation 
to F(x) on Am-2n-l and hence the spline of interpolation. Thus the spline in 
(10) is the spline of interpolation to f(x) on Am-2n-1 of Type I. 
The function F may now be regarded as satisfying the conditions of Theo- 
rem 2. Thus, given E > 0, we can choose m large enough that the periodic 
spline ym(x) of degree 2n + 1 of interpolation to F(x) on Am--2n-l satisfies 
IIF -~yln II < E. 
In view of the best approximation property, 
The mean-square convergence of the (n + 1)st derivative to f  (n+l)(X) follows, 
and with it the uniform convergence on [0, I] of all derivatives of lower order. 
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It may be desirable upon occasion to replace the set of independent poly- 
nomials ur , ..‘, uan+a by an orthogonal set. A convenient set is obtained as 
follows: 
These are orthogonal in the sense of (5) to each other and to all polynomials 
of higher degree. The polynomials ~~+a, v~+~, .. continue to be alternately 
even and odd in the variable x - 8 . The orthogonality of even and odd 
polynomials is evident. The polynomial v~,, is (x - g)n+r/(n + I)!; ~~+a of 
degree n + 2 is chosen so as to have 
v&QO) = r&(l) = 0, - v&l)(O) = v$‘( 1) = 1; 
v,,,, of degree n + 3 is chosen so as to have 
with 
- t&“‘(O) = VZ,T;2’(1) = 1 
and to be orthogonal to v,,, . This results in a pairing, vzn+aSk with ok, 
satisfying 
with k = 1, 2, ..., n + 1. 
The polynomials wr and wan+e are uniquely paired in this way. The degrees 
of freedom in the remaining polynomials obtained by introducing terms of 
lower degree may be use if desired to effect a simplification in the values of 
the lower-order derivatives at 0, 1. 
The subspace of the nonperiodic splines for which derivatives of order 
n + 1 through 2n vanish at x = 0, 1 has interesting orthogonality properties 
of its own. For an interpolating spline of this type to be unique, a mesh of at 
least n + 1 points is required. For a mesh d,: 0 = x0 < x, < *a* < x, = 1, 
the set of splines z+(x), j = 0, 1, ..., n with 
wj(xk) = 6ki 9 wy+qO) = wy(l) = 0, i = 1,2, a**, 72, 
although they form a basis, must still be shown to form an orthogonal basis. 
It follows directly however, that since spline wj(x) is uniquely determined, 
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each zuj(x) is the polynomial of degree n satisfying wj(x,) =: aj,. These are 
evidently orthogonal. The subdivisions d,, , m = n t- 1, n -; 2, ... are 
defined as in Theorem 2 and zu,?! (nz >- n) is the spline of Type II’ which 
is equal to 0 on the mesh A,,-r and unity at the point P,, . Here 
again (wj , wj) = 0 forj < n and the initial coefficients in the expansion of a 
function must be handled separately: 
(11) 
As before, c?+l {(f, wk)/(wk , wk)) wk(x) is the spline of Type II’ on A, of 
best approximation tof(x) - Crf(xk) wk(x) and hence is the spline of inter- 
polation of this type. 
THEOREM 4. Let the function f(x) and the sequence of subdivisions (A,,,} 
of the unit interval satisfy the conditions of Theorem 3. The sequence wk(x) 
forms a complete set in the space of functions f(x): as m + CO, 
Iif -~akwk(x) II-+' (12) 
and 
f$ akwF'(x)+f(i)(x), j = 0, 1, "',n, 
k=O 
uniformly on [0, 11. 
To prove the convergence indicated in (12), an indirect proof is again 
convenient. The sequence in (12) is monotone decreasing as indicated pre- 
viously. Assume it has a limit E > 0. We can find an entire function g(x) 
such that s,’ 1 f(e+l) - g I2 dx < G/4 and such that g(“)(O) = g(“)(l) = 0, 
k = 0, 1, . . . . n. As in the proof of Theorem 2, take a spline u(x) on a suffi- 
ciently fine mesh A, with u (21E)(x) = go-l)(x) at each of the mesh points of 
A,, linear between. Define u(p)(x) = s: u(“+l)(x) dx, p = 0, 1, se., 2n - 1. 
The procedure employed previously to modify u, so as to be periodic is 
here used to obtain a spline Zz for which zZ(~)(O) = P)(l) = 0, k = n + 1, 
m.., 2n and for which 
Ilf(4 -G(x) II < 5 
From the best approximation property of wk , 
II 
m+y1 
f(x) - z akWk(X) cE 
k=.O II 
and a contradiction is reached. 
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CONVERGENCE OF HIGHER DERIVATIWS 
The preceding two sections suggest (as is the case) that the functions 
f(x) of class P[O, l] with fen) absolutely continuous and f(la+r) EL~[O, 11, 
partitioned modulo the class of polynomials of degree n and with pseudo 
inner product (inner product on the reduced space) 
(f, g) = /:f(n+l)(x) gcnfl)(x) dx, 
form a Hilbert space. The splines of Type I’ or Type II’ on a sequence 
of imbedded meshes of the kind introduced above with 1 A, ] -+ 0 form an 
orthogonal basis for this space. In the periodic case, the functions in an equi- 
valence class differ by a constant. 
It should be noted in this connection that terms of degree less than n + 1 in 
the @(x) in (10) and the first n + 1 terms in (11) have no relevance to 
the completeness of the orthogonal sequence, orthogonality being defined 
in the sense of the pseudo norm (5). They are inserted here to yield the 
convergence in the sense of the max-norm of the spline and its derivatives. 
The difference in properties of the two types of nonperiodic splines appears 
in the convergence of the 2nth derivatives for f E Czn(O, I]. This study, 
however, involves an approach rather different from the methods employed 
here and will be presented in a subsequent paper. 
We shall content ourselves here with a brief consideration of the periodic 
case where convergence properties have previously been established. For 
convenience we restate the principal result to date (Theorem 4 of [6]). For a 
sequence {A,} of subdivisions of the unit interval, 
0 = x,,o < X,J < *** < xm,+.& = 1, 
we denote by A, the measure of mesh uniformity 
(1, = max %*j+1 - Gz*j 
i %*~+l - %n,j-1 
-g . 
We have the result 
THEOREM. Let f(x) E C2” and have period 1. Let {A,} be a sequmce of m 
divisions of [0, I] with 1 A, I+ 0 and A, -+ 0. Then for the splines y&) 
degree 2n + 1 and period I which interpolate to f(x) on the meshes A, , t 
sequence y:‘(x) converges uniformly tof(p)(x), p = 0, 1, .**, 2n. 
It is a consequence that under the conditions of this theorem, the sequent 
of orthogonal splines of the type introduced in Theorem 2 is complete in tl 
space C2” with respect to the pseudo inner product (5). Moreover, the: 
409-22 
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serve as a countable basis for C 2n the uniform closure of the splines of degree ,
2n + 1 and period 1 in the norm 
being the subspace of periodic functions in C?[O, 11. 
APPLICATIONS TO THE APPROXIMATION OF ANALYTIC FUNCTIONS 
The employment of spline functions in the approximation of analytic 
functions is an important tool in numerical analysis. An example is the solu- 
tion of Muskhelishvili’s integral equation ([7], p. 101) for plane elastostatic 
problems. If the integral is approximated by a finite sum, a finite set of linear 
simultaneous equations results which yield the values of the complex stress 
function C(z) at discrete points of the boundary r of the region R involved. 
To find stresses at a point z inside R, it is necessary to approximate 4(x), 
4’(x) and q’(z) very accurately. For z close to the boundary r this is difficult. 
A highly effective device for handling this problem is to spline-fit 4(z) on 
the boundary of R and to integrate analytically the various Cauchy integrals 
over the individual intervals. This permits arbitrarily close approach to the 
boundary without the usual attendant numerical difficulties. The use of 
cubic splines in thecomplex variable t(tonr) is desirable here and convergence 
properties result which are closely akin to those below. However, cubic 
splines in the arc-length or some related real parameter possess the best 
approximation properties considered above and for this reason are described 
here. 
Take now a sequence of subdivisions of r (S is arc length on r): 
A k: 0 = Sk.0 < Sk1 < *” < Sk,& = 1. 
The mesh gauge is as usual 
and the measure of uniformity /l, defined as in (13). It is necessary to have an 
additional measure of mesh uniformity here: 
Lk = [mm hk, j]/[min hk,j]. 
i i 
We have now the following theorem: 
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THEOREM 5. Let f(z) be analytic in the interior R of a smooth Jordan curve 
r and of class C2 in R + r. Let t = t(s) be a map of [0, L] onto P where s is 
length of arc on I’. For a sequence of subdivisions {A,) of r, let gk(s) be the cubic 
spline of interpolation to f(t) = f(t(s)) on the mesh A, . Let 
g&> 44 
G&) = &s, qs) - 2 * 
Then as the mesh gauge 1 A, 1 --t 0, the sequences (G,(z)} and { Gk’(x)} converge uni- 
formZy to f  (z) andf’(z) in the closed region R + r. If Al, -+ 0, then Gk”(z) + f “(z) 
uniformly on any closed subset of R. This convergence is unifornz on R -+ I’ 
if f “(t) satisjies a Hiilder condition on r, if t(s) E C3, if L, is bounded and if 
A,<KIA,l~forsomeKand~>O. 
PROOF. From the properties of the spline presented above, {g,(s)} and 
{gk’(s)} converge uniformly to f(t(s)) and df(t(s))/ds as 1 A, 1 + 0. Since 
f”(t) E C’s, t on r, the functions f and f’ satisfy a Holder condition ([A, 
pp. 257ff.); and for to on I’, the Plemelj formulas give us 
f(h) = f 1, g$ I 
fyt,) = $1, f% , 
the integrals being taken in the sense of Cauchy-Principal-Value. Also, the 
limit of G&) exists as z + t, on I? 
Thus 
Now gk(s) - f(t(s)) -+ 0 uniformly. The integral in the last term will there- 
fore approach zero uniformly in to provided gk(s) - f(t(s)) satisfies a uniform 
Holder condition. This is true, however, since g;(s) - df(t(s))/ds is con- 
tinuous and converges uniformly to zero. The uniform convergence of 
G,(t) to f(t) on r follows and that of G,(z) to f(z) in R by the Maximum 
Principle. 
As regards GK’(z), we have 
G,‘(z) = & 1, (81;;;d’E;2 = & 
$ 
gk’(4 W/d0 dt(4 
- 
r 
t(s) - 2 
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so that 
G’(b) --f’(b) = i \ [d&l $1 t0 --fYb); 
That the numerator of the integrand satisfies a uniform HGlder condition 
follows from the mean square convergence of gi to f”. Now the conclusion 
that Gk’(z) +f’(z) uniformly on R -+- r follows as before. 
We have, for z in R, 
and the uniform convergence on a closed subset of R follows trivially. I f  we 
assume that!“(t) (t on F), and hence #j(!f(t(s));d S, satisfies a HGlder condition 
(since t(s) E P), then it may be shown that the g:(s) satisfy a Hijlder con- 
dition uniformly if an additional assumption is made upon the uniformit! 
of the mesh. A modification of the method of proof of [8], Theorem 1, is 
necessary. 
In the notation of that paper, .Jk is the coctficient matrix for the cubic 
spline, M, is the vector (g:(sl), &s,), ..., ~l(s,~)), 6,” is the vector of centered 
second ditTerence quotients of the quantities fk g(sk) -f(sJ, Bk is the 
circulant matrix C(+, A, 0, 0, ‘.‘, 0, A ) of order :\:k, E, is the difl‘erence 
A, Bk , and the tilde is used to rcfcr to cyclic permutations of these vectors 
and matrices: we have 
Mk - h& = B;‘(6,’ - Sk’) B,‘E,M, T B;‘E,n;l, . 
Now 
Since d2f(t(s))/ds2 satisfies a HGlder condition, we have 
1) 6,” - 8iz ) < K, A, ju, (13) 
for some K, and p1 :- 0. Thus, for some constant K, and k2 = min (p, pl), 
we have 
: ,I Mp - .I?, ‘1 < K, I A, i“p . (14) 
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Therefore, since 1 A, I/hkj <L, which is bounded, we have 
< const. 
It follows that the functions g;(s) satisfy a Holder condition uniformly. 
Hence 
where here 
The uniform convergence of G,“(z) to f”(z) in R + r now follows. It is 
possible to relax the mesh uniformity requirements by employing a more 
delicate method of proof involving, in particular, properties of the inverse 
matrix B-l. 
Note added in proof: Write // Ivr, - Si II = // &I(1 - A&3: 11 < $11 A;’ /I I/ 3: - 8: 11. 
The convergence of g; to d2f/ds2 follows without the assumption of asymptotic 
uniformity, A~ + 0. Also (14) follows directly from (13). 
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